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Abstract. We study the parametrization of the moduh space Bun2(C)£ of 
rank 2 bundles over a curve C with fixed determinant, provided by Hecke 
modifications at fixed points of the trivial bundle. This parametrization is 
closely related to the Tyurin parametrization of vector bundles over curves. 
We use it to parametrize the Hitchin and KZB systems, as well as lifts of the 
Beilinson-Drinfeld P-modules. We express a generating series for the lifts of 
the Beilinson-Drinfeld operators in terms of a "quantum L-operator" £{z). We 
explain the relation to earlier joint work with G. Felder, based on parametriza- 
tion by flags of bundles, and introduce filtrations on conformal blocks, related 
with Hecke modifications. 



1. Introduction 

1.1. Tyurin maps and Hecke parametrizations. In A. Tyurin intro- 
duced the following parametrization of the moduli space Bun„(C)„g of vector 
bundles of rank n and of degree ng over a curve C of genus g = g{C) > 1. The 
space H^{C,£) of sections of a generic such bundle £ is of dimension n. For P 
a point of C, denote hy £p the fiber of £^ at P and define Sp as the subspace of 
£p generated by the sections oi £. Sp is equal to the fiber of £p at P, except 
when P is one of ng points of C, Pi, . . . ,Png- Generically, the Pj are distinct 
and Sp is of codimension 1 in £p. Let us denote by li the subspace of H^{C,£)* 
generated by evaluation at P,. Define T as the map assigning to £, the collection 
{Pi)i=i,...,ng together with the collection of lines (^i)i=i,...,ng in H^{C,£)*, modulo 
diagonal action of ^^^(C). The resulting map 

T : Bun„(C)„3 ^ [C x P(C")]("^')/SL„(C) 

is called the Tyurin map (we denote by V^*^^) the A^th symmetric power of a 
variety V). After its introduction in p2|, the Tyurin map was used in works on 



integrable differential systems (see |T^, [T^, |T9[ 

The inverse of the map T can be naturally described in terms of Hecke modifi- 
cations. For £ a rank n vector bundle over P_ = (Pj)j=i,... ,Ar a family of points 
of C and y_ = (V^)j=i,...,Ar a family of vector subspaces of £^Pj, . . . ,£pj^, define 
the Hecke modification 'H{£,P_,V_) of £ as the bundle whose space of sections 
over an open subset U G C is the space of rational sections of £ over U, regular 
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except at the points Pj, where they may have simple poles, with residue in Vi. 
In the case where S is the trivial bundle Oq, and Vi are lines ii in C", let us set 
i = {ii)i=i,...,N and Ti.{P_,t) = H{Oq,P_,1). Since the automorphism group of Cg. 
is equal to GLn{C), the map 

n-.iCx P(C"))(^) ^ Bun„(C) 

factors through the diagonal action of GL„(C) (or ^^^(C)). In the case where 
N = ng, the resulting map (also denoted Ti.) is inverse to the Tyurin map. 

In the case n = 1, the map 7i coincides with the Abel-Jacobi map from the 
symmetric powers of C to its Picard variety. It is therefore natural to view 7i as 
a nonabelian analogue of the Abel-Jacobi map. 

1.2. Main results. In this paper, we will keep the points P = (Pj)j=i,... ,ng fixed, 
and associate to them the map Hp such that TCp{t) = Hi^P, i). We will study Tip 
(sect. U) and parametrize in terms of it natural objects attached to the moduli 
spaces of vector bundles, in the case n = 2. These objects are the Hitchin 
system (sect. the bundle of conformal blocks (sect. |), the Beilinson-Drinfeld 
P-modules (sect. ^ and the Knizhnik-Zamolodchikov- Bernard (KZB) connection 
(sect. 1^); they were respectively introduced in |T^, [^, |, ^ and [0]. The main 
results of this paper are the following. 

1.2.1. Properties o/7ip. Let us set = 3g,G = SL2. 'Hp^ is then a map from 
(CP^)^^/G(C) from the moduh space Bun2(C)c)(j^. p^) of rank 2 bundles with 
determinant isomorphic to 0{YlnPi). 

Let us fix a choice of a- and 6-cycles {Aa, Ba)a=i,...,g on C, and let {ijJa)a=i,...,g 
be the associated basis of regular differentials on C; we have uib = 2m5ah- 

Let us set 

Den(P,£)= (1) 

(rGSsg :(T(3a— 2)<CT(3a— l)<(7(3a) for a=l,... ,g 
9 

£{a)a ■ {JJu;a(P3a-2)t^a(^3a-l)t^a(^3a)4a-2;3a-l4a-2;3a^3a-l;3a}, 
a=l 

where lij = ii — ij, and the elements a of ©3^ act by permuting both the Pj and 
the £i. 

Theorem 1.1. The preimage of Buia2{C)^^'^j2 . p^) contains the open {i G 

{CP^f^l Den(P,£) 7^ 0}/G(C). Moreover, the restriction of Hp to 

{I e (CP^)^f I Den(P,£) ^ 0}/G'(C) 

is an etale morphism from this variety to its image, which is a dense subset of 
Bun2(C)g^gp^). 
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1.2.2. Parametrization of the Hitchin system. By symplectic reduction, we may 
identify T*[(CPi)3f]/G with the quotient of {(^, A) G C^^'xC^^'l ^ . A, = = 
Ylii^l^i = 0}/^' (see sect. 0). Let (e, /, h) be the Chevalley basis of = and 
for (£, A) in C^s x C^f, let us set 

A{L\\z) = Y.H-e + E,h + ej)u^^^\z) + ^ V^y^H^.) 

i=l '-^ i,i=l,...,3syyi 

{\si Den(P.|)„,.„e + \s, De„(P.|)„,.,/, - Den(£, fl„.„/},p,.., (2) 

where Cij = ii — ij and 

cjW(P) =c/plne(A(P)-A(^)+(5-A) 

is the Green function on C (see the conventions for theta-functions in sect. 
A{£,X\z) is an element of g®Q{C), where Q{C) is the space of rational differentials 
on C. Let us set H{e,X\z) = tr p[A(£, Al^)]^. 

The Hitchin Hamiltonians Hitcha are regular maps defined on T* Bun2 (C)c'(^ . p^) 
(see sect. | and |T|]). 

Proposition 1.1. z H{i,X\z) is a regular quadratic differential on C. Let us 
set 

3g-3 

H{e,\\z) = J2Ha{i,XWa\z). 
a=l 

The Ha{i,X) are rational functions in ii and quadratic polynomials in Aj. They 
are G -invariant functions on {(^, A) = (£j, Ai)i=i,...,3g| Y,i = Z)i ^i^i = ^i^i = 
0}, and define therefore a family of functions on T*[{CP^)^^ / G{C)]. These func- 
tions form a Poisson- commutative family coinciding with the Hitchc oT*7ip. 

1.2.3. Explicit form of the Beilinson-Drinfeld operators. The Beilinson-Drinfeld 
operators are a commuting family of globally defined differential operators {T^^)a=i^. 
on Bun2(C)c)(j^. p.), twisted by det~^, where det is the determinant line bundle 
over Buia2{C)o(Y,iPi) (see |l[] and sect. H). 

Proposition 1.2. 7Yp(det) is isomorphic with (9(1)^^^. 

Let ap{£, z) be the element of g ® C[ii, di^,i = l,... , 3g][Ben{P, i)-^] ® fi(C) 
equal to 

ap{l,^) = -^^^^^$^G(P„z)ciP,{(i/i + £,/)Den(P,£)|,^=o 
- (e + i^f)dt^ Den(P,£)„^=o + (2£.e - i^h)dl Den(P, £)|,,=o}p,=., 
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and let sp{i,z) be the element of C[ii,de^,i = 1, . . . , 3g][Den{P, i)-^] ® n'^{C) 
(r2^(C) is the space of rational sections of O®^) given by 

{— Den(P,£)|,^=o + Den(P, £)|,,=o - i^dl Den(P, £)|,,=o}p,=.. 
Let us also set G{z,w)dz — u'^^^w), 

1 



l^iAL z)^{e- £,h - £tf)G{z, P,)dz + -^^^^^^ 
■ l%\dl Den(P, £)|,^.=oe - \dt^ Den(P, i\,^=^h - \ Den(P, £)|,,=o/]p,=.G(P„ P,)ciP;-, 



^P^, ^) = - + ^^/)^(^' ^^)^^ + Den(P £) ^ ^^^"^^^'^^'^ 

■ i-dl Den(P,£)|,_oe + ^de^ Den(P,£)|,,=o/i + ^ Den(P,£)|,_o/]p,=. 

and 

:= J2i,,^p{i,z)de, - kup{i,z). 

i 

ti"{z) is an element of 0®C[£i,a4,« = 1,... , 3c/][Den(P,|)-i] O (](C). 
Let us set Xa®ya — ^®f'^f®^'^\h®h and 



Theorem 1.2. Assume that k + 2 = 0. Then T'^^^^^z) is a regular quadratic 
differential on C. Let us {uJa\z))a=i,... ,3g-3 be a basis of H^{C,Qy) and set 

39-3 

Tl"{z) = Y.T';fJJ^\z) 

a=l 



The TpY/ form a commuting family of differential operators 

^ on an open subset of the s 



For a a section of dct ^ on an open subset of the stable locus, we have 
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1.2.4. Functional parametrization of conformal blocks. Let us denote by A : C — *• 
J^{C) the Abel-Jacobi map of C (see sect. |2.3.1|) . Assume that we have A{Pi) = 
3gA{Po). Bun2{C) o{Y,i Pi) is then canonically isomorphic to Bun2{C)o{3gPo)- Let 
zp^ be a local coordinate at Pq, let /C = C((2;pg)) and O = C[[zpf^]]. Then we 
construct an element 

9Pi e GL2{IC), 

such that its class in the double quotient GL2(/f°(C\{Po}, Oc))\GL2i}C) /GLiiO) 
Bun2(C)c'(iPo) corresponds to that of Hp{t) (Lemma [4.1| ). 
Let us set G = SL2. Let Tg{ic) be the automorphism of G{IC) defined as 

conjugation by . Let (^(/C) xi Z be the semidirect product of G{}C) by 

this automorphism. Then we have a sequence of group inclusions 

G(/C) C G(/C) X Z c GL2(/C), 

and the analogous sequence for centrally extended groups G{}C) C G(/C) x Z C 
GL2(/C), (sect. |4.L2D . (The advantage of working with G{}C) x Z rather than 



GL2{JC) is that is does not require the introduction of an additional Heisenberg 
algebra.) Moreover, GL2(/C) is the product of G(/C) x Z by its diagonal subgroup. 
We construct then an element ge^p of G{]C) x Z, which is the product of ge^p by 
a diagonal element of GL2(JC). 



In sect. [4.2| , we also classify the integrable irreducible representations of G{1C) x 
Z. Let W be such a representation. W can be constructed as the quotient of a 
module induced by a g-module W] we have then an inclusion W C W. The 
space of conformal blocks of W is then the space CB{W) of linear forms on W, 
invariant by g ® H^{C \ {Pq}, Oc). 

Let be an element of GB{W). We associate to it the quantity 

Ui^,P\v) = {^,9e,pv), 
which we view as a function from (CP^)^^ to W*. 

Proposition 1.3. (functional properties of f^{i, P_\v) ) For any P_, the map v h-^ 

f4i,P\v) belongs to Rom-^iW, C[h]<k ® ■ ■ ■ ® C[i3g]<k). 

Here C[£]<fc is the space of polynomials in i of degree < k; it is endowed with 
its standard g-module structure. 

As we will see, the map ip ^ f^p should be considered as a "quantization" of 
the cotangent to the Hecke map T*T-Cp^. 

The variation of f^{l,P.\v) with P is described as follows: 

Proposition 1.4. Let /^(P,||f) be a function on G^^ x (CP^Y^ with values in 
W* , whose restriction to {G^^)pg x (CP^)^^ coincides with ftp{P,i\v). We have 
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where 

A^= y r(^«)(P.V,^l(A_i) 

where we denote by x E Q the operator f{P,l\v) i-^ f{P,i\pw{x)v), and Aa are 
some linear operators. 

Here the term ^a^a,{Pi){'A.afi(>){i, P\v) is the Lagrange multipher correspond- 
ing to the relation 5{Y1 ^(-P*)) = 0- 

1.2.5. Explicit form of the KZB connection. Let us denote by M.g^iao the moduh 
space of triples moo = (C*, -Po, of a smooth curve C of genus g, a marked point 
Pq of C and a formal coordinate t at Pq- 

A^g^ioo may be identified with the set of all inclusions R C C((t)), where R is 
the coordinate ring of a smooth curve of genus g minus a point. 

Let us set = g C?) C((t)) © CK. Consider W as a g-module and g''"*''^^;* ^ ^ 
Lie subalgebra of g. 

The bundle of conformal blocks on M.g^ioo is defined as the subbundle of the 
constant bundle over M.g^ioo with fiber W*, consisting of the g°"*'^^*-invariant 
forms. We denote this bundle by CB{W). 

A flat connection is defined on CB(W) as follows (see S)- Recall first 

that the map 

C((t))^^Vect(A<,,i^), 

defined by exp(e[e])([P C C((t))]) = [(1 + eO(P) C C((t))], when = 0, induces 
a Lie algebra morphism from vector fields on the formal disc to vector fields on 
Aig,i°^. For rrioo ^ '^/'(^oo) a local section of CB{W), let us set 

Vgf ^(moo) = %]^(moo) - ipirrioo) oT[^], 

where T[^] = Tes^=p^{^{z)T{z)). 

Let us denote by JF the bundle over A^^ ioo, whose fiber JF(moo) at rrioo is the 
space of functions f{P,i\v) from (C3^')po [CP^s to W*, such that 

dpJiEdlv) = A^fiPd\v) +J2uJ,iPi)faiPd\v), 

a 

where /a(P,:^|f) are functions from (C3^)po x {CP^^ to M/*. 
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Define Mg^io^x^g) as the moduli space of all pairs (moo, P.), such that J2i = 
SgA^Po). Let ^ be a formal vector field ^ G C((t))^, such that 

dbp 

Op 

for each a = 1, . . . ,g. Then ^ induces a vector field [^] at {moo,P.), defined by 
(1 + e[^])(moo,£) = {m'^,P!), where m'^ in the inclusion (1 + e^){R) C C((t)), 
and P/ correspond the characters XPi ° (1 ~ ^0 of R, where XPi is the character 
of R corresponding to Pi (see 0, Lemma 5.1). 

Proposition 1.5. T/ie ra/e 

(V|/)(moo,P,£|t;) = di^]f{m^,P,e\v)-Tes,=Po{az)T^'ff{z)f{m^,P,e\v)) 

where f{'moo,P.,i\v)) is a local section oj T , defines a flat connection V'^ on T . 

Define corr as the bundle morphism from CB{W) to T , such that corr(-?/')(moo, P, 
('0, P^°^^{9p,£) [v)) ■ Then V'^ o corr = corr oV'"'^ . 

We end the paper with the construction of a filtration naturally attached to 
Hp (sect. U), and questions about its possible relation with formulas of p!^. 

1.3. Generalization to arbitrary semisimple groups. The above parametriza- 
tion maps are generalized as follows. Let G be a reductive complex group. Let 
C be a formal series ring C[[t]], and let /C be its fraction field C((t)). Let Grass 
be the affine Grassmann variety Grass = G{)C)/G{0). Grass is the union of all 
Grass^ = G{0)wy.G{0)/G{0), where x belongs to the semigroup P+ of dominant 
coweights of the Langlands dual group of G, and is associated translation 
of the affine Weyl group of G. Let x = {Xi)i=i,... ,n be a family of elements of P+. 
We have then Hecke maps 

N 

^£,x • n^^^^^^» ~^ BunG(C), 

i=l 

obtained from the natural map G'^*''— \ Y\^=i Grass^- BunG'(C), where G°^^'— 
is the group of regular maps from G \ {Pj, i = 1, . . . , A^} to G. 

Moreover, the map [class of gw^^g'] ^— [class of g] defines isomorphisms 

Grass^ ^ G{0)/["^G{0) n G{0)] = N{0)/['"^N{0) n N{0)], (3) 

where is the positive unipotent subgroup of G, and we set = ghg~^. 

1.4. Comparison with earlier work. In [^, G. Felder and one of us introduced 
another parametrization of the KZB connection. Let us explain its relation to 
the approch of the present work. The work [Q was based on a variant of the 
Feigin-Stoyanovski description of the conformal blocks, which relies on the map 

FS : BunB{G)p, BunG(G). 
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Here Pq is a fixed point of C and BunB(C)pQ is tlie union of all 'QvjiBiC) p^^^-^, 
which is the moduli space of all 5-bundles over C, with associated T-bundle 
isomorphic to ®i simpioC^((X) Q^j)-Po)- Here B the Borel subgroup of G containing 
N , and T is the associated Cartan subgroup. Let us denote by FS^ the restriction 
of FS to BunB(C)p(,^^. 

The Hecke map 7ipo,x factors through the above map FS^. Indeed, the com- 
position of Hpg,;^ with the isomorphism is the map 

N{0)/{'"^N{0) n N{0)] BunG(C), (4) 

class of n I— >■ class of nw^. On the other hand, 'BvjiB{C)pf^^^ is equal to N{R) \ 
{N{IC)w^}/N{0), where R = H\C \ {Pq}, Oc). The map (|) therefore factors 
through BunB(C)pQ,;^. 

It is probable that the maps ?^p,x have the following behavior. When Pj and 
Pj tend to some point P, the limit of 7^p,x should be related to Hp' y^i, where 
P' = {{Pa)a^i,j, P) and x' = {{Xa)a^i,j,Xi + Xj)- could then think that the 
maps FS, which involve all coweights of ^G, can be obtained as limits of the 
maps Ti.p^^, where Xi ci^'g simple coweights of ^G, and that one can obtain the 
differential systems expressed in from those of the present work by a similar 
limiting procedure. 

1.5. Open problems. 1) It is easy to write variants of our parametrization of the 
Beilinson-Drinfeld "D- modules, corresponding to the parametrization (CP^)^^~^ —>■ 
Bnn2{C)o{Y:,P.+T:,Qj)^ I ^ T^p,q{LI^)^ where {Qj)j=i,...,p are fixed points of C 
and i'^ a fixed element of (CP^)^. Using these variants, one could hope to check 
explicitly the Hecke eigenvalue property of the Beilinson-Drinfeld "D-modules. 

2) It should also be possible to write the analogues of our systems in the sin 
case; it that case the parametrization maps could be (CP")"'"'"^ Bun„(C)£. 

3) In [P], II, we introduced commuting difference analogues of the differential 
operators provided by action of the Sugawara tensor at critical level. It would 
be interesting to find commuting difference analogues of the operators T'^^^^{z) 
of the present work. 

4) In sect. ||, we introduce filtrations of the conformal blocks, provided by the 
maps Tip; it would be interesting to compute the corresponding g-dimensions. 

5) One could expect simple transformations from our version of the KZB system 
to the versions of van Geemen-Previato ([|T^]) and of Gaw§dzki-Tran ([[11]), when 
the genus of C equals 2. 

1.6. The first author would like to express his thanks to G. Felder for many 
conversations on conformal blocks and collaboration in ^. We also would 
like to thank V. Drinfeld, whose talk at the 1994 Alushta conference (Ukraine) 
introduced us to the subject of this work. We also would like to thank A. Lossev 
and E. Vasserot for discussions related to this work. 
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2. HECKE PARAMETRIZATION OF Bun2(C)c)(^ . P;) 

Let C be a smooth, complete, connected complex curve, let g be its genus. Let 
us set G = SL2, so G{C) = SL2{C) . For C a line bundle over C, let us denote by 
Bun2(C)£ the moduli space of rank 2 vector bundles over C, whose determinant 
bundle is isomorphic to JC. 

2.1. Theta-functions. Let us fix our conventions for theta-functions. We set, 
for A in C^, and r = {Tab)a,b=i,...,g a symmetric matrix with negative real part, 

^(M^) = XI exp(^mTm* + mA*). 

We set r(C)a5 = Ub, and L{C) — (2i7rZ)^ + rZ^. Then the degree zero 
part J^{C) of the Jacobian of C is isomorphic to C^/L(C). The Abel-Jacobi 
map sends a divisor ^ . n^Pj of C of total degree zero to the class of the vector 

(Si jxo "^0)0=1, ••• ,9 (which is independent of the choice of Xq and of the integration 
contours) . 

The vector of Riemann constants A is the element of the degree g — 1 part 
J^~^{C) of the Jacobian of C such that the identity 0(Xlf=i — A) = 0. We 
also fix an odd theta-cahracteristic S (the product of A 1— > 0(A + 5 — A) by an 
exponential factors is then an odd function of A). 

Let us set 

r(P\z) = dp In Q{A{P) - A{z) + 6 - A). (5) 

Then we have 

r^'^KlA.z) = r(^)(^), r(^)(7Ba^) = r(^)(^) + u;„(P). 

2.2. The Hecke parametrization map Hp. Let S he a, vector bundle of rank 

2 over C. Let P_ = (Pi)i=i,... ,Ar be a family of points on C. For P a point of C, 
let us denote by Sp the fiber of S at P. Let i = {ii)i=i^...,N be an element of 
nj=i^(^pJ- The Hecke modification T-Cpi{£) of £ along (P, £) = {Pi, ii}i=i,... ,n 
is defined as the sheaf whose space of sections over an open subset U of C is {cr : 
rational section of S over U, regular outside {Pj,i = 1, . . . ,N}, with a simple 
pole at each Pj and residue in the line 

Define a map Hp : (CP^)^ Bun2(C)o(2.p.) by 

np{e):^np,e{ol), 
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where £ = {ii, . . . ,In) belongs to (CP^)^ and denotes the trivial bundle of 
rank 2 over C. Since the group of automorphisms of is isomorphic to (j'L2(C), 
Hp factors through (CP^)^ ^ {CP^)^ /GL2{C) = (CPi)^/G(C). 

2.3. Properties of Hp in the case N = 3g (proof of Thm. |1.1|) . 

2.3.1. The preimage of stable bundles (proof of the first part of Thm. In 
this section, we will characterize the preimage by the map Tip of the subset of 
Bun2 (C)c)(^ .P^) consisting of stable bundles. 

Let us define M{P_,i) as the 3g x 3g matrix with matrix elements 

for 2 = 1, . . . , 3g, a = 1, . . . , g,a = 1,2,3. 
Lemma 2.1. We have 

det M{P,f) = Den(P,£), 
where Den(P, is defined by (1). 

Recall that the bundle £ is called stable iff End(£^)) = C. The set of 

stable bundles has the structure of a quasi-projective variety (pO|). 

Proposition 2.1. Assume that all ii are ^ oo. Then z/Den(P, £) 7^ 0, Ti.p{i) is 
stable. 

Proof. Let us set £ = 7Yp(£). Let End(£^)o be the subbundle of End(£^) formed 
of traceless endomorphisms. We derive from the exact sequence of sheaves 

End(^)o End(^) ^ Oc ^ 0, 

the exact sequence ^ H°{C, End{£)o) H°{C, End{£)) C. The stability 
condition is therefore equivalent to if °(C, End(£)o) = 0. 

Let us denote by C(C) the function field of C. H^{C,Eiad{£)o) is isomorphic 
to the subspace of g C?) C(C) formed of the rational functions if : C ^ g, 

i) regular outside {Pi}, 

ii) which have simple poles at each Pj and residue at that point in C(— e + 

Hi) such that if we write 93 = (p^e + iphh + v'//, with ipf,,iph,ipf in C(C), 
—i'^ife — 2liiph + V^/ is regular at Pj. 

Conditions i) and ii) mean that for some constants {\i)i=i,... and Ce, Ch, Cf, 
we have 

= 5Z + + ilfV-Kz) + Cec + Chh + Off 

1=1 

and 

J2^^^>a{P^)=0, a = l,...,g, a = 0,1,2, (6) 
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and condition Hi) is equivalent to 

J2 \^lr^-^'\Pi) + Cf- 2liCh - fiCe = for each i = 1, . . . , 3^. (7) 

Since Den(P, £) =^ 0, (||) implies that all Aj are zero. Moreover, Den(P, £) 7^ 
also implies that card{£j; i = 1, . . . , 3g} is > 3. Then (J^) implies that Cj = Ch = 
= 0. □ 

2.3.2. The fibers o/7ip. In this section, we prove: 

Proposition 2.2. For any i such that Den(P,£) ^ 0, the set Hp^Hpitj) is 
finite. 

Proof. Let i and belong to {CP^)'-^^. Assume that Den(P, f) 7^ 0. The bundles 
'Hpjyt} and Ti.p{i^) are isomorphic iff there exists a rational function M{z) defined 
on C, with values in SL2{C), regular except for simple poles at the Pj, where the 

residue is proportional to (^>^ ~^)- ^(^) is then written 

M(z) = C + 5^ Q") -l)r(^>)(^), 

where C is in M2(C) and where are tangent vectors at Pj, satisfying 

J2^aiP^)a^(^^^ {i^ -l)=0, a=l,...,g, (8) 



and 



-i)cQ+x;r(''^H^.K«-^;)(^.-^.) = o, 2 = 1,..., 3^7. 



J^i (9) 

Let us set Pi = aii'^. Since Den(P, :^) 7^ 0, ® means that the vector (oj, Pi)i=i^... ,3^ 
belongs to a 25f-dimensional vector space. On the other hand, @ is equivalent to 

J^i (10) 

which is a system of 3(7 quadratic conditions on this vector. If these conditions 
are satisfied, the condition that det M{z) = 1 is then equivalent to det M{Pq) = 
1. The set of (C,ai,Pi) satisfying these conditions is therefore a subvariety of 
M2(C) X X C^s, and Hpinp^Q) is the image of this variety by the morphism 

(C, ai,/?i)i=i,...,3g (AM)i=l,...,39- 

Let us fix now f in Hpin-piQ). It follows from Prop. ^iYi&i Den(P,£) ^ 0. 
Let us compute the tangent space of Ti-p^ljip^ {£)) at i^. Let be an infinitesimal 
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element of this vector space. To it is associated a matrix corresponding to the 
isomorphism from 7i(P, to ^' + We have 

M{z) = idc. + L ^^^^,') -1) r(^»)(z), 

where are infinitesimals. They should satisfy the equations 

for each a, therefore 

j j i 

As Den(P, £') 7^ 0, this implies that the are all zero. □ 

Remark 1. The subvariety of M2(C) x C'^^ x C'^^ defined by conditions (H) and 
(P) (without the condition detM(Po) = 1) has components of dimension > 0. 
This makes it difficult to evaluate the degree of Hp. 

2.3.3. Tip is a finite etale morphism (proof of the second part of Thm. In 
PU| , Bun2(C)^"|i^ p.-) is endowed with the structure of a quasi-projective variety. 

On the other hand, since the action of G on {£ e (CP^)^^| Den(P, £) ^ 0} is 
free, the quotient {i e (CP^)^^^| Den(P, ^ 0}/G also has the structure of a 
quasi-projective variety. One can check using that the restriction of Tip to 
{i e (CP^)^^I Den(P,:^) 7^ 0}/G is a morphism of varieties. 

Moreover, the dimensions of {i e {CP^f'^\ Den(P, Q 7^ 0} /G and Bun2(C)gg^ 
are equal. It follows from Prop. |2.2| that the kernel of the map induced by Tip on 
tangent spaces is zero. It follows that Hp induces an isomorphism between the 
tangent spaces of {i E {CP^)'^a\ Ben{P,i)^ 0}/G at Gi and of Bun2(C)g^g%^) 
at Hp{i). It follows that the restriction T^p to {i G (CP^)^^! Den(P,£) ^ 0}/G 
is etale. □ 

Remark 2. The map Tip is never surjective; for example, the p large enough, the 
bundle C(pPo) © ~ pPo) is not in the image of Tip. But one may ask 

whether ImTip contains all stable bundles when N = cardjPj} is large enough. 

3. The Hitchin system in Hecke coordinates 

3.1. The map induced by Tip on cotangent bundles. Let us assume that 
= 3g. Let i = {ii)i=i,...,3g be~such that Den(P,£) ^ 0. It follows from Thm. 

|1.1| that Tip is an etale isomorphism at the neighborhood of the class [£] of £ in 

{CP^a/GjC). 
Hp therefore induces an isomorphism of cotangent spaces 

T*Tip : T^liCPy^/GiC)] ^ T^^(,) Bun2(C)^(^3.^p^). 
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3.1.1. For ^ in CP^, T^CP^ is isomorphic to C. Let us denote by g the Lie 
algebra 512(C). Let e, h, f be its Chevalley generators, and let (, )§ be the invariant 
form on q such that (e, f)g = ^{h, h)g = 1. We will identify g with its dual using 
(, )g. T*CP^ is a symplectic manifold with a Hamiltonian action of SL2{C), and 
the corresponding moment map fi : T*CP^ —>■ g* is given by {£, A) 1-^ X{—e + ih + 

f); /i coincides with the Springer desingularization. 

T* [(CPi)3VG'(C)] is therefore isomorphic to (/i39)-i(0)/G'(C); the preimage 
of C^f by the projection /x"^(0) [CP^fa jg 

3g 3g 3ff 

{(£,A) = (^„Ai).=i,...,3<,l5^A, = ^A,£, = X^A/2 = 0}, 

i=l 1=1 j=l 

and the action of G'(C) on this space is 

^\ (P \\ - ('^h±l \ 

3.1.2. Let £ be any bundle of Bun2(C)0(.^39^ p_j. T| Bun2(C)0(^39^ is equal 

to H^{C, End(£^)o ® f^c); where Qc is the sheaf of differentials on C and End(£^)o 
is the sheaf of traceless endomorphisms of S. 

Lemma 3.1. Let S = 'Hp_{t). Let us define VL{C) as the space of rational dif- 
ferentials on C. Then if°(C, End(£^)o ® ^c) is isomorphic with the suhspace of 
VL{C) ®sl2 consisting of the elements A{z) such that 

i) A{z) is regular on C\ {Pi, i = 1, . . . , 3(7} and has simple poles at the Pi, 
a) for any i = 1, . . . , ?)g, resz=p, A{z) belongs to C(— e + lih + (f-ff), 
Hi) if we set A{z) = Ae®e + Ah®h + Af®f, with Ae, Ah, Aj in fi(C), then 
—ifAe — 2iiAh + Af is regular at Pi, for any i = 1, . . . ,3g. 

Condition Hi) means that if p is the fundamental representation of s[2, the form 
det(^^^ , {id®p){A{z)) (Jj^) is regular at Pi. 

3.1.3. Let us fix a basis {Aa, Ba)a=i,... ,g of a- and 6-cycles on C and let {uja)a=i,... ,g 
be the associated Abelian differentials on C. 

Let us set uj'^^\z) = r^^\P) (see formula (^). 



Lemma 3.2. In terms of the identifications of \3. 1 . j| and Lemma \3. % the map 
is given by 

TlHpiXu... ,X39)=A{e,X\z), (12) 
where A{£,X\z) is defined by (2) 
3.2. Expression of the Hitchin Hamiltonians. 
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3.2.1. The Hitchin fibration is defined as the map 

(£,0 ^ (id®tr)(^2)^ ^j^g^g ^ belongs to H°{C,Qc ® End(^)o). The Hitchin 

(2) (2) 

Hamiltonians are defined as follows. Let uol , . . . , oo^gL^ be a basis of the space 
of quadratic differentials on C and let us set 

39-3 

(id®tr)(a = 5^ Hitch„(f ; 

a=l 

the ^ HitchQ,(£^, ^) form a Poisson-commutative family of functions on 

T* Bun2(C)c)(j^. p.), the Hitchin Hamiltonians (see PH). 



3.2.2. The right side of (y) is equal to A{i, X\z) defined in (2). Prop. O follows 
from 

H{£,X\z) = ti p[A{i,X\z)]'^, 

where p is the fundamental representation of s[2- 

Another expression of H{£,\\z) may be obtained as follows. Let us define 
as the second sum of (p!2D, and I'kiiz) as det(afci), where a^i is the matrix 
with coefficients (afci)j-3a-a = ^"^^aiPj) if j 7^ k, and (afci)fc^3„_„ = ^"u;a(^) if 
a = 1, . . . , (yf, a = 1, 2, 3. Then 



i/(£,A|.)=trp(A-^)^ + ^-ip- 5^ A.A/L^,,(zV(^»)(P.V(^^)(^) 



4. Parametrization of conformal blocks (the case = 3g) 
4.1. "Twisting" group elements. 

4.1.1. Element g^ p at level zero. Let Pq be a point of C, distinct from the 
Pi, . . . , Psg. Let J{C) be the Jacobian of C; J{C) is the direct sum ®i^z-P{C) of 
its graded components. Let us denote hj A : C ^ J^iC) the Abel-Jacobi map. 
We assume that 

A{P^) + ... + A{P^g) = ?>gA{P,). (13) 

(The results of this section can easily be transposed when ?)gPo is replaced by 
an arbitrary effective divisor of degree ?)g.) 
Let us set, for z in C, 

, . . fflie(A(z)-A(PO + ^-A) 

Q{A{z) - A{Po) + 5 - /\f9 ■ 

Assumption ([T^) implies that bp_ is a rational rational function on C, with divisor 
Yl^Li Pi " Sfi'-Po (so bp has zeroes at the Pj and a pole at Pq). Let us fix functions 
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di^P, regular on C\{Pq}, such that di^p{Pj) = 5ij. We then set, for ii in CP^\{0}, 
and zmC \ {Pq, P,, i = 1, . . . , 3g}, 

Recall that for A a ring, GL2{A) is defined as the group of matrices 

with a, b, c, d in A, and ad — he m A'^ {A'^ denotes the set of invertible ele- 
ments of A). For each point P of C, we fix a local coordinate zp at P. Recall 
that GL2{'C{C)) may be viewed as a subgroup of the adeles group GL2{Ac) — 
U'pecGL2mzp))). 

Lemma 4.1. For each family i = {ii)i=i,...,3g of {CP^ \ {0})^^, the funetion gi^p 
satisfies the equivalent conditions 

1) z ^ ge,p{z) is a rational function on C with values in G, regular on C \ 
{Pq] Pi,i — 1, . . . , 3g}, with simple poles at each Pi, i — 1, ... , 3g, the expansion 

9eA^) = ^ (^;) ii^ -1) + 0(1) 

at Pi, and det{gi^p) has the expansion det(5'|,p) = CiZp^ + 0(1) at the same point, 
where ai, hi and Ci are complex numbers, such that (oj, hi) ^ (0, 0) and Ci ^ 0; 

2) gi^p belongs to the intersection of GL2{C{C)) and the subset 




ofGL2{Ac). 



The properties of gi^p{z) with respect to variation of £ can be described as 
follows. Let /C be the local field of C at Pq, so /C = C((zpq)). Let us set 
R = _f/'°(C\{Po}, Oc), which we view as a subring of /C, and let us set 0°"* = qi^R. 
It is a Lie subalgebra of Lg = g (g) AT. Let us denote by g^"* the subspace of Lg 
formed of the Laurent expansions at Pq of the rational maps : C — > 9, regular 
outside {Pq, Pi, . . . , Psg}, with expansion at each Pj, i 7^ 

^(z) = ^{-e + eih + e^f) + o{i), 

where the Aj arc complex numbers. 

Define for i — 1, . . . ,3g, /li as the linear map from q"^^^ to C given by 

//,((/.) = (-(/)/ + 2^,0^ + £^0J(P,), 

for = (/)ee + (f)hh + (f)ff, 0e, (f)h, (t>f in C(C). Let us set gf* := Ad(^|,p)-i(0°"*) 
(Ad denotes the adjoint action of a group on its Lie algebra). Then we have 

gf* = Ker {^H^yn : gf ^ C^^) . (14) 
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Moreover, we have 

Lemma 4.2. For any (j) in 0°"*, we have 

i=l 

Proof. One first shows this statement for cj) of the form e ® r, r & R, using 
the explicit formula for g^ p. In the case of a general 0, one then replaces by 
+ e ® {Ei ^^"V^(0)c^^,p} and uses □ 



4.1.2. Kac-Moody algebras, extended loop groups and semidirect products. Let g 
be the Kac-Moody Lie algebra g = Lg © <CK. It is endowed with the Lie bracket 
[(x ® a, fe-ft'), (x' a', 6'/^)] = ([x, x'] ® aa', {x, x')gTespg{da ■ a')K). For x in g and 
in /C, we will denote (x ® 0, 0) by x[0]. 

Recall that for any ring A, G{A) = SL2{A) is the group of matrices , 

where a, b, c, belongs to A and such that ad — be = 1 . 

Let be an integer > 0, and let us denote by G(/C) the level k central extension 

of G(/C) by (see |10|)- We denote by Z the center of G(/C). Z is isomorphic 
with C^; for c in C^, we denote by z{c) the corresponding element of Z. 

Let k be an integer > 0, and let us denote by G{}C) the level k central extension 



of G"(/C) by (see e.g. [ITO|, HI). We denote by Z the center of G{)C). Z is 
isomorphic with C^; for c in C^, we denote by z{c) the corresponding element of 

Z. 

We will use the following properties of the central extension G{1C): 

a) if (pv, V) is any integrable 0-module of level A;, there is a unique lift (denoted 

py°^^) of the action of g to a representation of G{1C) on V; this lift satisfies 
Py™"^(^(c)) = cidv, for c in C^, and the compatibility rule pv(Ad(7r((yf))(x)) = 

Py °"^((7)pv(2;)Pv™"^(fi')~^ f*^^ any g in GiJC) and x in g, where vr is the canonical 
map from G(/C) to G{JC) and denotes the adjoint action of GiJC) on g; 

b) let be the positive unipotent subgroup of G, then there is a unique lift i 

of iV(/C) to G(/C), such that for each formal series p of /C, we have 

Pr""(^((j ^))) = Pv(exp(e[p])). 

The adjoint actions of G(/C) on g and on itself factor through actions of G(/C) 
on g and on G{IC). One can show that these actions extend to actions of GL2(/C) 
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on these sets, which we denote by Ad. Let us denote by Tg and T^^^ the auto- 
morphisms of g and of G{JC) equal to Ad{^^° ^ ). Then Tg is given by 

fg[(e ® 0, aK)] = (e ® zpj, aK), f,[{f ® 0, aK)] = (/ ® z'V, aK), 

T0[(/;, ® 0, aK)] = (/i ® 0, {a + resPo(— 0)}ir), 

and is the unique group automorphism of G{)C) extending the automor- 

phism Ad( (^^^' ) of G{}C). Moreover, f ^ and fl^^ are both inner automor- 
phisms, equal to Ad ( ^j^^^ ) . 

Define now G{IC) x Z as the semidirect product of G{IC) with the action of Z 
rovided 
product 



provided by T^^y Precisely, G{1C) xi Z is the set G{JC) x Z, endowed with the 



{g,n){g',n') = {gT-^^{g'),n + n'). 

We will write Tg^^ for the element (e^j^, 1), where is the neutral element 
of GiJC), so {g,n) will be equal to gT''i-~~-. The adjoint action of G{1C) on q 

^ G'(/C) 

extends to an action of G(/C) x Z on g by Lie algebra automorphisms, which we 
also denote by Ad; it is defined by kd{gT^^{x) = Ad(^)[f^(2;)]. 

Let us now construct representations of the group G{IC) x Z. Let {pY,Y) be 
an irreducible integrable representation of q of level k. Two possibilities occur: 

a) if pv o Tg is equivalent to pv, let Ty be a linear automorphism of W such 

that Pv o T = Ad(Tv) o py. We set W = V and let pw be the map from G{}C) x Z 
to Autc(W), defined by p;™"^(^TJ^) = pr"^(^?) o T^; 

b) if Pv o Tg is not equivalent to pv, we set W = V © V, and we define pw as 
the map from G(/C) x Z to Autc(W), defined by 

group / 



% {9T^))-\ (pr"'oT^)(^7)) l^idv ) 



'^3) 0^ UO pr"^(diag(^p„,;.p„i)y 

"G(/C)' 

In both cases, (W, p^°"^) is an irreducible representation of G{1C) x Z. 

4.1.3. Definition of gi^p. Identify the function z i-^ bp{z) (sect. [4.1.1| ) with its 
image in /C^. We have bp = Zp^^bo, where bo belongs to C[[zpo]]'^. bo has two 
opposite square roots, which belong to C[[2;p(,]]^. Let us fix one of them, which 
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we denote by 69 • Let us fix a lift t in G(/C) of ( ^ ^ , 1/2 1 ' ^^"^ us set 



^0 

h, 

bp = T^t. Let us finally set, for i = (£1, . . . , i^g) in (C^)^^, 



^ ^ i=i 



where the rational function di^p is identified with its image in /C. 

In the previous section, we studied subspaces 0°"*, g^"* and g^"* of g /C. We 
will embed them in g using the following maps: 

a) g°"* is mapped to g by the map x t-^ {x, 0); 

b) g^"* is mapped to g by the map 

i : (j) = (f),e + (f)hh + (pff ^ (0, + ii(t)e){Pi)K) 

i 

c) g°"* is mapped to g by the restriction of the previous map. 

We will denote by gO"*.exi^~oitt,ext ^<mt,ext ^Y^^ images of these maps. 

Lemma 4.3. and q"^^'^^^ are Lie suhalgehras of g, isomorphic to g°"* and 

^out respectively. Moreover, we have 

out,ext AJ/~ \~l / ^out,ext\ 



The analogue of Lemma 4.2 



IS 



Lemma 4.4. For any (p in g^ , we have 

Adfe)(^(0)) e Y.fi^m^e.9i,p)9i^ + Q"''''''''■ 

i=l 

Proof. One again checks this when = e ® for in R, and uses then Lemma 

:i □ 



4.1.4. Properties of gi^p. Let us set G""* = G{R). There is unique lift of G""* to a 
subgroup of G{]C), which we denote by C^'-^xt^ corresponding to the Lie algebra 
inclusion g°'^*''=^* c g. This lift is such that for any integrable representation V, 
and any g°'^*'^^*- invariant linear form -0 on V, -0 is also G""*'*^^*- invariant. 

Lemma 4.5. The rational functions h : {CP^)^^ G(/C), i = (£i)i=i,... ,3^ ^ hi 
satisfying the conclusion of Lemma \4.4\ for generic i are exactly the functions 

he = Zo ■ je ■ ge,p, where zq is a (constant in i) element of the center Z of G(/C), 
and is a rational function from (CP^)'^^ to (^""'.e^'*. 
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Corollary 4.1. Let us set, for 9 = (^^ e G{C) and i in CP\ g-E = fg^; 

{g.,C) ^— > g ■ a. is the homographic action of G{C) on CP^. Let us denote by 
{QiQ ^ 9 ' i. the diagonal action of G{C) on (CP^)^ . For g in G{C), let us 
denote by g the image of g by the lift map from G""* to (7""*'^^'*. Then for any g 
in G{C), there exists a rational function i \—>- '~f{g,i) with values in (7°"*'^^*^ such 
that gg.e^p = i{g,t} ■ ge^p -g - z{lf^i^{cii + d)'''). 

Proof. Let us set hg i := 'gg-e.,p-'g~^ ■ z(\^^^^{cli + dY) . Then one checks that hg^e, 
satisfies the conclusion of Lemma Then Lemma ^]5| implies that there exists 
an element Zg of Z and a rational function £ i— > "^{g^Q with values in G"'^^''^^^, 
such that hg^£ = Zg-'y{g,i) ■ ge,p. g ^ Zg is therefore a group homomorphism from 
G{C) to Z = C^, and is therefore trivial. □ 



Remark 3. It is easy to check directly Lemma O] when g is lower-triangular. 



4.2. Conformal blocks and associated functions. Let k be an integer > 

and let W be one of the level k representations of G(/C) xi Z constructed in sect. 
4.L2| . For any integer a > 0, let {pa, Va) be the irreducible (a + l)-dimensional 



representation of g. The irreducible integrable representations of level k are the 
Ya,k, where < a < fc. Ya,k may be constructed as the quotient of the Weyl 
module Uq ®ug+ where 5+ = g ® C[[t]] © CK and Va is endowed with the 
g+-module structure defined by : 0+ End(K) such that pa,+ {x^ f,aK) = 
Pa{x)f{0) + kaidva- 
So 

a) either k is even and W = Yk/2,k'i 

b) or we have, for a 7^ 6 and a + b = k, W = Ya,k © Yb,k- 

We denote by W the subspace of W equal to the images of the subspaces of 
the Weyl modules 1 ® Vk/2 in case a), and (1 ® K) © (1 © H) in case b); so W is 
isomorphic to Vk/2 in case a), and to K © H in case b). In each case, W is equal 
to the subspace of W formed of the elements annihilated by g**^. 

Let ip he a g°"*-invariant linear form on W. We associate to it the function 

fALElv) := (V',Pw°"^&p)^)' 
where v is in W. For any P, f^{i, P\v) belongs therefore to ©^^^{^f C[[^j"^]]}©W^*. 

Let us denote by C[£]<fc the space of polynomials in i of degree < k. This 
space is endowed with the right G(C)-module structure defined by {g ■ f){i) ■= 
fig-i){cz + d)K 

Proof of Prop. \1.3{ . It follows from its definition that the map v ^— > fipiilv) 
belongs to IIomc(VF, ©^£;^£fC[[£j""'^]]). Let may assume that f is a weight vector, 
so h[l]v = Xv, where A is an integer in {—k, . . . , k}. Moreover, 



a>0 
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Since p^{h[l])pY°^^{bp) = p^°^^{bp)[p^{h[l]) — 3gk], all contributions to this 
series where a ^ ^fikhA g^^e zero. It follows that 

/4^,£|t^) = ^(V^,Pr"'(MPw(eE^^,p£-^]rt;), with a = ^^^. 

i 

Therefore, for any v in W, f\p{l,P.\v) is a Laurent polynomial in the ii, of degree 
in each ii smaller than k. 

Finally, Cor. together with the fact that p^°^^(g)v = pw{g)v for g G G'(C), 

implythat/^((7-£,P|t;) = n?£i(c^.+c?)%(^,Z|Pw^(^7)^),for^?= (j! ^) G G(C). 

This formula both shows that v i— > f'4,{LP\'v) is polynomial in the £j, and that it 
is a morphism of g-modules. □ 

We also get 

Proposition 4.1. If W is a representation described of type b) above, and if ijj 
is zero when restricted to V;,,fe, f^iiLE.l'^) is zero when v belongs to Va if the genus 
g of C is odd, and when v belongs to Vf, if g is even. 

Remark 4. The fact that W is integrable should imply some additional functional 
properties of f^{l,P\v). 



Remark 5. It follows from Lemma [4.5| that if we replace, in the definition of 



fipiL E.l't^) J 9e,p by any function /i| p satisfing the conclusions of Lemma the 



function fii,{i,P.\v) only gets multiplied by a nonzero function of P. Moreover, 
since for any irreducible integrable representation V, and any lift of ( ^''^ '^i ) ^ 



G{K:), its image by py ^ is scalar, a change in the choice of the square root b^/ 
of bo only has the effect of multiplying f'^{i,P\v) by a nonzero function of P. 

5. Action of the Sugawara tensor 

5.1. Expressions of the Sugawara tensor T{z). For x in g and in /C, let 

us denote by x[(f)] the element (x ® 4>, 0) of 0. 

Let Cas be the element of g corresponding to (, )g. We have Cas = ® 
h + e^f + f(^e. 

Let us set for x = e,h,f, x{z) = J2iez^[^Po]^~^~^^^- define the Green 
function G{z,w)dz as 

G{z, w)dz = 4 In e{A{z) - A{w) + 6 - A) - d, lnQ{A{z) - A{Po) + 6- A). 

We have then the expansion at the diagonal 

dz 

G(z,w)dz= ^— + 0(1). 
z — w 



HECKE-TYURIN PARAMETRIZATION OF THE HITCHIN AND KZB SYSTEMS 21 

Expand G{z, w)dz as J2i>o C(i{z)w'' foTw<^z and as J2i>o z^~^dzPi{w) for z <ti w 
(both z and w being at the formal neighborhood of Pq). Let us then set 

i>0 i>0 

and therefore belong to Q^^lz) and set 

a 

where k = k + 2, and Xa^Va = Gas. The Laurent coefficients of T{z) belong 
to a completion of the quotient Uq/ {K — A; ■ 1) of the enveloping algebra of g. 

The following Lemma shows that T{z) is a normalization of the Sugawara 
tensor. 

Lemma 5.1. In any highest weight g-module, the matrix elements ofT{z) coin- 
cide with those of 

^lim^/_^ ^^^Xa{z)ya{z') - 3dzf[G{z, z')dz]^ . 
We may also write (|15]) as follows. Let us set 



a a (16) 

Then 

T{z) = — [(trop) ® id]{r"*'^*'^(2)£(2) +£(2)f"'^*'^(2)}. 
2k 

Let X{z) = J2a-^a ® Xa{z) bc an element of {Lq ^Q) ®q and let us set now 

if{z) = r^''\z) + \{z), t^\z) = n^''^\z) - \{z). 

Then 

T{z) = U{^vop)(^\d]{^T\z)^{z) + ^{z)Pt{z)} - [Kz)j{z)]} 



i- hid®(trop)]{£r*(^K(^)+^(^Kr(^)}-$^[A.(;.),x„(z)]) . 



(17) 



5.2. Decomposition of Lg. Let us define g*" as the Lie subalgebra of Lq equal 
to tg[[t]]. Then 

Lemma 5.2. If Den{P_, Q ^ 0, we have a direct sum decomposition 

Lg = © g . 
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Proof, g^"* is the space of all sums 

y{z) + J2 M-e + i^h + (^J)[r^'''\z) - r(^°)(^)], (18) 

i 

where z i-h> y[z) is a regular map from C \ {Pq} to 0, and the Ai are tangent 
vectors at Pi. 

The intersection 0^"*ng[[t]] is therefore equal to the space of vectors of the form 
18|), such that y{z) - Ai{-e + iih + f)]r^^'^\z) is regular at Pq- Since there 



is no nonconstant function v on the universal cover C of C, regular everywhere 
and with transformation properties v o ■jj^^ = y^y o — v = constant, y should 
be constant and J2i + ^ih + ^f/) should vanish. Now the equations 

i i i 

imply that the Ai are all zero. Therefore g^"* fl g[[t]] = g, so g^"* fl g*" = 0. 
Let us now prove that g^"* + g*" = Lg. We have 

L0/(0*" + gr ) = H\C, End(^)o(-P)), 

and since £ is stable, we have dim_f/'^(C, End(£^)o(— P)) = Sg, so 

dimL0/(g^" + gf )=3^7. (19) 

On the other hand, we have dimg^^Yfl?"* = S^?. Since the sum of g**^ and g^"* is 
direct, we have also dim(g*" + g£"*)/(g*" + g^"*) = 3(7. Together with (pj|), this 
shows Lg = g*" + g7*). " " □ 

5.3. The ^-operators. Let us set gf^ = g^C{{t))dt. There is a pairing (, )Lgxsn '■ 
Lgy< Qn ^ C, defined as the tensor product of (, )g and the residue pairing at Pq. 

Let us set 6{z,w)dz = '^i(zz^'"^~~^~~^dz. Then the canonical element Lq^qq 
is sent by the isomorphism gn®Lg g®^ (g) C[[z^-'^, w^-^]]c?z to t°^{z,w)dz = 
Gas 5{z, w)dz. 

We define tp{z., w)dz and £^"*(z, w)dz as the images in Qq^Lq of the canonical 
elements of (gr*)^®g*" and (g^")^®g7*. 

Proposition 5.1. Let us set 

ii"'\z, w)dz = Gas G{z, w)dz 

" Den(P,f) T.'y-^l Den(P,aK,=oe + -d,^ Den(P, £)|,^=o/^ + ^ Den(P, £)|,^=o/]|p. 
<^{-e + ^,h + eJ)G{P,,w)dP, 

If f{z,w)dz is a rational form on C x C, let us denote by f{z,w)dz\z.^w o,nd 
f{z, w)dz\u,<^z its formal expansions for z, w in the neighborhood of Pq with z <^w, 
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resp. w <^ z. Then we have 

q'\z, w)dz = -£f *(^, w)dz\,^^, £f{z, w)dz = lf\z, w)dz\y,«,. 

5.4. Expression of T{z) in terms of ^-operators. We will denote by t the 

embedding of [g^^lz]^[g^C{{w))] in g (g) [g^il^] by sending [a®iu{z)]®[b® f{w)] 
to a [(6 /, 0) u;]. (So l preserves the order in the tensor product (8) 0, but 
exchanges variables z and w.) 

Let us denote by i}"'{z) and £'p^*{z) the images of t/^{z,w)dz and i^*{z,w)dz 
by L. We have ef{z) + tf\z) ^\z). 

Let us define \{z) and the image by i of — Cas w)dz and define 

Aa(^) by \{z) = Ea'^a(^) ® ^a- Write also \{z) = E„,^,a;,<^'"M^(^) <^ Then 

^[A„(^),a;a(2;)] = ^^{z)(j){z)[u,v]{z) + K^uj{z)d<i){z){u,v)-Q. 

a 

Therefore 

^M^) Y}-^^i Den(P, £)|,,=o + 2£,aj Den(P, £)|4=o]p,=.G(P„ ^)dP, 



Den(P,£) 

+ h{z) YJ[\ Den(P, ^)|,,=o - ^'^l Den(P, |)|,,=o]p,=.G(P,, z)dP, 

i 

+ /(^) Den(P,^)|,,=o - ^-9,, Den(P,^)|,,=o]p,=.G'(P,, ^)dP,} 

i 

^ J2dAG{Pi:z)dPi\ 



Den(P,| 



{-^ Den(P,^)|,,=o + iide, Den(P,^)|,,=o - ^-^J Den(P,^)|,,=o}p,=.. 
(17) then yields the following expression of the Sugawara tensor: 



Lemma 5.3. We have 

T{z) = J-[(trop) id] {lT\m^)+^{zyt{^) + ^p{L^W)) + ^^P{L^). 

^20) 



where ap{i, z) is the element of Q® C[£i, 9^, i = 1, . . . , Sg^] [Den(P, £) ^] ® J1(C) 
equal to 

''^^-'^^ ^ ~ Den(P, I) ^ + ^»/) Den(P,£) 1,^=0 

- {e + e'j)de, Den(P,^)|,,=o + (2^ie - e',h)dl Den(P, |)|,,=o}p,=., 
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andsp{i,z) is the element of C[ei,de^,i = 1,... ,3g][Den{P,i)-^]m^{C) (n^{C) 
is the space of rational sections of fio^) given by 

{— Den(P, |)|,,=o + iide^ Den(P, ^)|4=o - i^dl Den(P, i)ie,=o}p,=z. 
5.5. For a; = a;e(8)e + a;/i(8)/i + a;/(8)/an element of 0(7.), let us set 

iy{x) ^^{xh + £iXe){Pi). 

i 

We have then 

Lemma 5.4. For v' any vector W, anc? x in fl"".*; w^e /ia?;e 

i=l 

Recall that i'^^{z,w)dz belongs to ga<SiLg. The expressions 

IJ^iAL^) — {}d®iii){q'\z,w)dz) and i/p(£, ^) := {\d®v){lf\z,w)dz) 
make sense and belong to g (8) C[£i, i = 1, . . . , 3g'][Den(P, t)'^] ® VL{C). We find 

y^iAL z)^{e- £ih - ej)G{z, Pi)dz + ^ 



Den(P,^) 

J2 ^U^i Den(P, £)|,^.=oe - ^9,^. Den(P, i)^,^=oh - ^ Den(P, £)|,_o/]p,=.G(P„ P,)dP, 



and 



z.p(£, z)^- Y^i^h + iJ)G{z, P,)dz + ^J^p Q ■ 

■ ^A-dl Den(P, £)|,.=oe + ^9,^. Den(P, £)|,.=o/i + ^ Den(P, £)|,,=o/]p,=.G'(P,-, P,)o?P,-. 
Lemma 5.5. Let us set 



.p [z] is an element of Q^C[ii,de.,i — 1, . . . ,3g][Den{P,£) ^]<^fl{C), and we 
have, for any vector v' of W, 

(V',Pr""fe)(id<^Pv)(C*(^))^') = 4"{zm,pr'''{9e,pW)}- 



HECKE-TYURIN PARAMETRIZATION OF THE HITCHIN AND KZB SYSTEMS 25 

Using the expression ( ^Of ) for T{z), and the fact that (id ®pw)(^£"('2^))(^) — 0' 
we find 

= (^,Pr"'fe)PwE^£l(^)4.(^) + J2a.^,p{i,z)iy^{z)]v) + sp{i,z)U{i\v), 

a a 

where we set £1,^(2) = {x®id0id,ie{z))-g, e'^'^^{z) = (xOid O id, £7*(z))g a^.,p(£, = 
{x ® id, ap_{£, z),)g, for x in g. 

Let us set, for x in q, ip'^/{z) = (x ® id ® id, ^^■^■'^(z))^. ^flp{z) belongs then 
to C[ei,di^,i = 1,. . . ,3^][Den(P,£)-i] ® fi(C). Lemma then imphes that 

2k{^, p^'"'^(ge,p)pw{T{z))v) 

= E[4^1w + cip,..{Lz)m,pM(riz)]v)} + sp{lz)u{lp\v) 

a 

a a 

We have therefore 
Theorem 5.1. Let us set 

(21) 

ThenTp^^iz) belongs toC[£i,4,z = 1,... , 3c/][Den(P, £)-i](g)i70(C, 0^(2 ^^£1 Pi)), 
/n other words, it is a quadratic differential in z, regular on C except for double 
poles at the Pj, z = 1, . . . , 3g, with coefficients differential operators in L 

There are differential operators Tp{^ in £, polynomial in k of degree < 1, such 

that the expansion ofTp^^{z) for z near Pi is 

Tff{z) = 2Kkil^r + ^T^^f^-^ + 0(1). (22) 
- 2 zp^ -' zp^ 

For any q°^^''^^^ -invariant form ip on W, we have 

(V',Pr"'fe)Pw(T(z))t;) = hT'p^^i^)U)m- (23) 

Proof of Thm. (^) follows from the above computations. Let us now show the 
properties of Tp^^ [z). We will use the following Lemma 



Lemma 5.6. Let us set 

bp 



~ dh 

Tff{z) = Tfff{z) + n-^{z)£fhz) (24) 



+ 2.[Y,i-'{d{d.,p) - d,p^}{z)]4f/{z) + 2k.{l^ri 



z . 
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Then we have 

2«:(V^,Pw(T(^))p7"^fe)t;) = {f^f ^ (z) U) (i, P\v) . 

Let k be an arbitrary complex number and let W be any g-module. Define W 
as the Weyl module over Ug equal to Ug®ug+ W (see sect. ^121) . Let us denote by 
the corresponding algebra map from f/g to End(W). For v in W, we denote 
also by v the vector 1 ® f of W. 

Let us fix £o = {ii,o)i=i,...,39 in (C^)^^, such that Den(P,£o) ^ 0. Consider i 
as a formal variable near Iq and let us define '~it.^,t,p as the element of f/0[[^ — :Co]] 
equal to 



7io,l,P = exp(e[ J](£-o^ - £r')rf.p])^(n(^^/^'.o''' 



When /c is an integer > 0, we have gp\^gp,i = lio,£,p- Then the analogue of 
Lemma |5.6| and of formula (ESf) for the Weyl module W are: 



Lemma 5.7. Let ipo be a Ad{gp^e^){Q°'^'^)-invariant form on W. For any v' in W, 

{^po,p^[Ad{g^^^){T{z))-fi^^e^p]{v')) and {^o, p%[yio,e,p]iv')) are formal functions 
in i — Eq, and we have, for any v in W, 

(^o,Pw[Ad(^pX)(T(z))7,^,,,p](t;)) = f^^^^(^){(^o,Pw[X/z](^))} 

(25) 

and 

{'^o,Pwbio,i,pT{z)]{v)) =Tp^^{z){{iJo,p^[-fi^^e,p]{v))} (26) 

( equalities in C[[i — Iq]])- 

The interest of identities (|25|) and ( p6D lies in the fact that any formal function 
of £ — £q is of the form {ipQ, P^[yi^,e,p]iv)) ■ More precisely, we have: 

Lemma 5.8. The correlation functions map ipo {v y-^ {i^o, P^[lef^,i,p\{v))) de- 
fines an isomorphism from the space of A(i{gp_ (^^^{Q°^^) -invariant forms on W to 
Homg(W,C[[^-^]]). 

Here C[[£ — £g]] is endowed with the action of g defined by e ^— h i— >■ 

E,-(2£.|- + A:),/^E.-R'|- + H.). 

Lemma |5.8| follows from the fact that the map 

induced by the multiplication, is surjective, and its kernel is generated by the 
relations 

e[l] - eAd.,p] e sr , h[l] - J2 '^^^e[d^,p] G gf* , /[I] + E ^t^^-i^] ^ C*- 
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Taking for example W = C[[i — £q]], we see tliat any element of C[[i — £q]] can 

be obtained as a (^o, Pwb^oA^](^))- 

For any vector field ^ regular on C \ {Pq}, T[^] = res Pg{^{z)T{z)) belongs to 
goutjj^ (see 0). It follows that the right side of (|^) is a quadratic differential in 
z, regular outside Pq- 

It follows that Tp^^ [z] is a quadratic differential in z, regular outside Pq, with 
coefficients differential operators in L Moreover, formula ( pi]) expressing T'^^^^{z) 
implies that T<^'f^{z) is regular aX. z = Pq. 

The other functional properties of T'^^^^^z) follow from formula (24) expressing 
T'^iffi^z) in term of f'^'f^{z): 

- dlogbp and fp-^-^ are univalued differentials in z, therefore T*^*-^-^ {z) is a uni- 
valued quadratic differential; 

- the expansions 

= 2^(-£.9,, + |) + 0(1), iZ'iz) = + M.) + 0(1), 

- zp^ Z - zp^ 

and sp{z) = (^^)^ + 0{zp^) for z near Pj imply that T'^'^f^ {z) has the expansion 

T'^^//(.) = i.M^r + 0(.p/) 

for near Pj. Expansions ( [2^ ) follow. Since the coefficients of in these 

expansions are the same as those of {T'^^-^-^ — T'^^-^-^){z), which are given by formula 
(24), they are polynomial in k, of degree < 1. □ 

Proof of Lemma [57^. Let us denote by (t/g)^ the quotient of f/g by the ideal 
generated hj K — k ■ 1, and by {Ug)k,compi the completion of {Ug)k w.r.t. the 
topology defined by the right ideals generated by the > (the Laurent 

coefficients of T{z) belong to {UQ)k,compi-) 

Then G(/C) acts on {UQ)k,compi by the adjoint action; this action factors through 
G(/C); so we have a sequence of group morphisms 

G(/C) G(/C) ^'^talgebra[iUQ)k,compl]- 

We denote by Ad any of the maps G(/C) — » Autc[{U Q)k,compi] and G(/C) 

Antc[{UQ)k,compl]- 

Moreover, it follows from the formula 

[T{z),x[f]] = -{df){z)x{z) 
for X in g, that if / belongs to /C, 

Ad((j {))[T{z)]=T{z) + {df){z)e{z), 
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and that for cf) in C[[2;pq]]^, 



Moreover, we have also 

1 rl7 1 rl7 

= nz) + -^WM^) + K{—^f{z). 
^^'^1 1 zp,-, 2 zp^ 

Let then ip belong to /C^; let us denote v{ip) the valuation of ip at -Po) and set 
t[ip] = T!l~l I ^ ^ i/2\_i ) ' where V'o = ^p^^^^i' and ■1/'^^ is any square root 



GiK) y (v^o ) 

of ■j/'o ; we have therefore 



Ad(tM)(T(.)) = T{z) + 2^(^)M^) + ^(2^) 



We have therefore 



M{g,p)-\nz)) = Ad(.((j ^^^\'^''^)W{Z) + l^{z)Hz) + Kil^nz)] 

= nz) + [J2i;'{d{d,p) - d,p^}{z)]e{z) + l^im^) + K{l^)\z). 
So 

2k{iIj, p^{T{z))p^'"'^(ge,p)v) 
= Pw'"'^{9e,p)pw{T{z))v) 

+ 2K[^£,^Hrf(rfi,p) - di,p-^}{z)]{ip,p^'"'^(ge,p)pw{e{z))v) 

i — 

+ '^K-^^{z){'ip,Pw'"'''i9i,p)pw{h{z))v) 

+ 2Kk{l^)\z){^|;,p'-'{g,,p)v). 

On the other hand, we have for any x in g, 

(V^,Pr"'fe)Pw(a:(z))i;) = {iZ^{z)U){i,P\v). 
Lemma 15.61 follows. □ 



6. Explicit form of the Beilinson-Drinfeld operators 

6.L Pull-back of the det line bundle. Recall that the line bundle det is 
defined over Bun2(C)c)(^. p.) as deti?r (0). 

Proof of Prop. \1.2^ . A line bundle over (CP^)^ is necessarily of the form 
0{ki)^- ■ -^Oik^). To determine the A;,, let us compute the restriction of ?ip(det) 
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to (£i, . . . , ii-i) X CP^ X {ii+i, . . . , En), for generic ii. For £ generic, the fiber of 
?ip(det) at i is tlie determinant of {(ctj) G C'^^| ^^ajCc;a(Pj) = '^■aiiiUJa{Pi) = 
0}, whicli we view as 

aD.V, e C^^l J2 »MPj) + <^'^a{Pd = E ^l^MPj) + <^a{Pi) = 0} 

in the neighborhood of ii = oo. It follows that the restriction of 7ip(det) to 
{ii, . . . X CP^ X . . . j^at) is isomorphic to therefore all ki are 

equal to 1. □ 



6.2. Explicit form of the Beilinson-Drinfeld operators. The Beilinson- 
Drinfeld operators are differential operators acting on sections of det~^. They are 
defined as the action on Bun2 (C)c)(^. p^) of the central elements of the critical level 
quotient Uq/{K+2- 1) of the enveloping algebra of g. A generating series for these 
central elements is the Sugawara series T{z){dzY = ^n'^nZ~"'~'^{dzy] let Tn^^^ 
be the action of T„ by differential operators. Then the series 
is a linear combination of the quadratic differentials on C. Let {'^a'')a=i,... fig-z be 
a basis of H^{C,n%^) and let us set J^n^n^^^ z-^'-^dz)^ = Ea^i^^^"^- Then 
the Tn^^^ are all linear combinations of the T^^. 

Proof of Thm. The expansions ( p2D imply that T'^*-^-^(z) has no poles at the 
Pi. The fact that the operators Tp-[/ commute follows from formula (^), the 
fact that any formal series in C[[£ — ^q]] can be obtained as a correlation func- 
tion {ipo, p[7£Q,ip]('y)), and the commutativity of the components of the Sugawara 
tensor when k, = 0. □ 



7. Explicit form of the KZB connection 

7.1. Dependence of ipi^ip) in P. Let us denote by {C^^)pg the subspace of 
{C \ {Po})^^ formed of the systems P = {Pi)i=i sg, such that Ei^(^i) = 
?>gA{Po). 

Let us denote by ip_ the linear map 

indexed by P_ in {C^^)p^{. we have ipijp) = [f i— > fip^LE]'^)]- In this section, 
we describe the dependence of ip_{ip) on P, when ip is fixed. For this, we first 
compare the maps Tip and Tip', for P' infinitely close to P. 

7.LL Infinitesimal comparison of l-ip_ and Tip'. Let us fix variations 6Pi of the 
points Pi, such that S{J2iMPi)) =~0. Let us fix £ such that Den(P,£) ^ 0. 
It follows from Thm. |1.1| that one can find infinitely close to £, such that 
'^pi.Q = T^p'it)- In this section, we compute the variation Si = i^ — £. 
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Let us denote by M{z) the matrix corresponding to the isomorphism from 
n{P!,t) to n{P,i). We have 



M{z) = idc2 + J2 Q) ("^ A) 



where ctj = a^-^'* + af'^ + . . . and (3i = (3^^^ + jSf'^ + . . . are infinitesimal vectors 
at Pi {a'p is the hnear in 6Pi part of a^, af^ the quadratic part, etc.), satisfying 
the equations 

Y,^a{Pi) {]] {a^ A) =0 (27) 

i ^ ^ 

for each a, and M{Pi + SPi) = 0, for any i, which imphes at first order 

where we set Ki = r^^'\Pi + 5Pi)(«f ^ + iif^P). 

The main terms of the left side of this equation should cancel, therefore 

(|27| ) then yields the system 

J2^a{P^)al''' = 0, 5^u;a(P.)£.af^ = 0, u;,(P,)£-i[«f ^ + SP,] = 0, 

i i j (28) 

as well as the equation J2i^a{Pi)SPi = for any a = 1, . . . ,g, which is satisfied 
because S{^- A{Pi)) = 0. We then get 

n, = -J2A^^\P,){af^+i,(3f) 

and 

Si^ = -5^r(^^)(P,)£,(af) ) - = Y,r^''^\P^)^^,{af 

dH) yields 



(1) , c.4p' 



E -iWSP, Den(P, £)|,^=o,P.^P, 



It follows that 

ill 



^— ' jVi ^ ' j^i ^ (29) 
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7.1.2. Dependence of ipi^p) on P_. Let us preserve the notation of the previous 
section. 
Let us set 



The Laurent expansion of m*"(2;) at Pq belongs to 0t2[[^Po]]- follows from the 
previous section that there exists an element m°"* of ® -R such that 

gp+5p,i+se = exp(m°"*)5(p,|exp(m*"). 

Let us denote by G(/C) x Z the quotient of G{}C) x Z by its center, and let 

d'p/ be the image of gp^g by the projection G'(/C) xi Z ^ G{IC) x Z. Let tt be the 
projection map from to sl2 and set 

m'°"* = (tt (g) id) (m°"*) , m'^" = (vr ® id) (m**") . 

Then we have 

g'p+SPi+si = exp(m'°"*)5^^_^exp(m'*"); 
the Lie algebraic meaning of this equality is that 

g'p+SPi+SiM = m'"-' + 9'pim''''9'pl- (30) 

Let us denote by x*" and x°^^ the images of m'*" and m'°"* by the map Lg ^ g, 
X ® / I— > x[/](= (x ® /, 0)). Then x*"" belongs to the linear span g+'"° ^ of the 
x[f],2 > 0, X G g, and x°"* belongs to gO"*'^^*. 

Let us denote by k the map from g to C defined by k(x ® f, aK) = ak. 

Proposition 7.1. Let us set 

Z = i^{gp+sp,e+segp\} - K{gpix'-'^gp\}. 



Then we have 



and 



therefore 



+ (31) 



gp+5P,i+5egp2 = X + gpi^'^^gpi + ^, (32) 



gp+5Pl+5i = exp(x""*)5fp,|exp(x*")2;(exp(Z)), (33) 
«j> io quadratic terms in the 6ii. 

Proof. ( p2D follows from (|30|), the definition of Z and the fact that /t(x°"*) = 0. 
Let us now compute Z. We have K{gp^sp,e+5egp\) = '^(^[^p+^pl^l^p^^^]^^) + 
kj:.f = «:(T|^^t[(6$,^,p)-V2(60,)i/2]Tg£^^) ; A^^Tf = -¥l^(^o) - 1] + 
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On the other hand, let us set x*" = e[x™] + h[x^f^] + We have 

y 



We have then K{gp,ex'-gll,) = K{t[bp'^\h[xl^] + [e[- A"'c?^,p], /[xf ]]}t[6p'/']-i). 
After some computation, we find 

Therefore 

^ = — ^[-^ — (Po)-l] + A; 2^ai '^(P,) — 2_^6Pir'- ''{Poj + k 2_^—. 

— j^i i i * 

Since 



vanishes for any z, 



follows. □ 
Prop. |1.4| follows from the insertion of ( ^31) in correlation functions. □ 



8. Filtration of conformal blocks 

Let again g be an arbitrary semismple Lie algebra, and let V be an integrable 
module over the affine Kac- Moody algebra g. Let CB{Y) be the space of confor- 
mal blocks of V. The maps ?ip,x naturally lead to a filtration of CB{Y). It is 
defined as follows. 

It follows from that conformal blocks can be identified with sections of line 
bundles over BunG'(C). Define Filp ,^ as the space of conformal blocks, vanishing 
on ImTip^^. We then have a inclusions Filp_^ C Filp^^/ if Xi < Xi for any i. 

It is easy to define analogues Filp^^^p of Filp.^, which are conformal blocks 
vanishing on modifications of the fixed (nontrivial) bundle P. 

Moreover, one may conjecture the following behavior of the Filp ^^: 

1) the Filp^^ form a bundle over Aig,N with a fiat connection; and the Filp^^^p 
form a bundle over the joint moduli space of triples (C, P, P) of a curve, marked 
points and a principal G-bundle over it; 

2) when Pi and Pj both tend to a point Q, the limit of Fil(P, x) is Fil(P', x'), 
where P' = ((Pa)a^ij, Q) and x' = iiXa)a^i,j, Xi + Xj)- 
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It would follow from this that the dimension of Filp p only depends on the 
sum Xiy so that there is a filtration of CB(V) by P+. It would be interesting 
to see whether the formulas for the corresponding g-dimensions agree with those 

of r ^ 
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